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Graphs on alphabets as models for large interconnection networks
The advent of very large scale integrated (VLSI) circuit technology has enabled the construction of very complex interconnection networks. By most accounts, the next generation of supercomputers will achieve its gains by increasing the number of processing elements (PE), rather than by using faster processors.
*
In these computers the time of interprocessor data communication may-and usually shall-overcome the actual computation time. Hence the interest is studying the design of interconnection networks which should consider several factors, as for instance layout, transmission delay and traffic density, reliability or fault tolerance, existence of efficient routing algorithms, cost, etc. For a survey about interconnection networks, see for instance the paper of Feng [ 151. In this paper the concern is with the network topology. More precisely, we focus on two constraints inherent in such networks: the transmission delay should be small and each PE can be connected by links to just a few others.
It is well known that interconnection networks can be modeled by graphs. In our case, the vertices of the graph represent the PEs or nodes of the network and the edges represent the links between them. The distance between two vertices then represents the delay encountered in shortest path communication between the corresponding nodes, while the diameter of the graph measures the maximum possible delay. The degree of a vertex is the number of vertices it is connected to. For an account of results about graphs and interconnection networks, we refer the reader to the survey of Bermond, Bond, Paoli and Peyrat [3] .
The graphs thus obtained can be directed or undirected, depending upon the links from each PE are used just for input or output, or for both. We are concerned here with undirected graphs only. Our aim is to propose several families of large graphs (i.e., graphs with a large number of vertices for given values of its degree and diameter) that have efficient routing algorithms. This last requirement puts aside several interesting constructions of large graphs described by Bermond, Norme and Quisquater in [4] . In their classification the graphs presented here are graphs on alphabets, since each vertex of the graph may be thought of as a word on a given alphabet.
The organization of the paper is as follows. In the next section we state the basic concepts of graph theory related to the topology of networks. Then the best already known families of large graphs on alphabets are recalled. Sections 3,4 and 5 contain our new proposals and Section 6 sums up the best families of such graphs known to date.
Basic concepts and known results
A graph G = ( V, E) consists of a set V of vertices and a set E of edges that join the vertices of I'. The number of vertices N= 1 VI is the order of the graph. If (x,y) is an edge of E, it is said that x and y are adjacent, and it is usually written -y-y. The degree of a vertex 6(x) is the number of vertices adjacent to x, and its maximum value over I/ is the degree of G, A =d(G)=max(S(x): XE V}. If S(x)=d for all XE V, it is said that the graph is regular of degree A. The distance between two vertices x and y, d(x,y), is the length of a shortest path between x and y, and its maximum value D= max(d(x, y): x,y~ V) is the diameter of the graph. For the definitions not given here we refer the reader to [8] .
The order of a graph with maximum degree d ~3 and diameter D is easily seen to be bounded by
(2-l)
The right-hand side is called the Moore bound, and it is known that when D# 1 it can only be attained for D = 2 and A = 3,7 or possibly 57, see Bannai and Ito [2] or Damerell [9] . Hence the interest in finding graphs which have a large number of vertices, as close as possible to the Moore bound.
Besides de Bruijn and Kautz digraphs, one of the first historic examples of large graphs on alphabets must be Akers graphs, also known as odd graphs, see [ 11. They are defined only for A = D + 1, with each vertex represented by a 24 -1 length sequence of A -1 O's and A l's, and where each vertex is adjacent to all vertices that have just a common 1 with it. Akers graphs are regular of degree A, diameter D=A -1 and order N=(24,-i). In most cases such graphs have less order than the graphs of the following sections. In fact Akers graphs belong to a more genera1 family of graphs on alphabets known as Kneser graphs [25] . These graphs have as vertices the r-subsets of a l-set, tr2r+ 1, and two vertices are adjacent if the corresponding sets are disjoint.
Another example of large graphs on alphabets is the family of trivalent (i.e., A = 3) graphs proposed by Leland and Solomon in [26] . They are defined on the vertex set V=Xk, where X= Z2 is the set of integers modulo 2, by the adjacency rules . It is shown that the diameter is upper bounded by L3k/2J so that their order satisfies N= 2k 1 22D'3. The first known infinite families of large (A, D) graphs, for even A and any D, were derived in a trivial way from the well-known families of de Bruijn digraphs [lo] and Kautz digraphs [23, 24] . It suffices to leave out the orientation of the arcs and remove the possible loops and parallel edges, that is, to take their underlying graphs.
Thus, de Bruijn graphs UB(d,k) have vertex set X", 1x1 =d, adjacency conditions These graphs were generalized by Delorme and Farhi in [ 131. They are also used by Jerrum and Skyum [22] to obtain the largest known graphs for fixed degree and very large diameter by substituting a graph with small average distance for each vertex of the de Bruijn graphs.
The Kautz graph bi<(d, k) is the subgraph of the de Bruijn graph UB(d + 1, k) obtained by considering only the vertices represented by words whose consecutive letters (elements of X) are different: xi,1 #Xi, Isirk-1.
For k23 and dr2, Kautz graphs have degree A = 24 diameter D = k and order
In [l&17,28] it is shown that the line digraph technique is very useful to obtain large digraphs. The same idea (i.e., line graph iteration) does not work for undirected graphs because it produces a steady increasing of their degree. However, using a similar approach, it is possible to construct some saticfactory families of large graphs.
The first of such families are by the sequence graphs, proposed in [ 181 as a generalization of line graphs. More precisely, given a connected graph G = (V, E) with diameter D, its sequence graph of order kr 1, S'(G), is the graph whose vertices are the walks of length k (sequences of k + 1 consecutive adjacent vertices), and two vertices of Sk(G) are adjacent if their corresponding walks are adjacent in G.
To be more precise, the adjacency rules are:
Note that, for k= 1, St(G) is actually the line graph of G. By stud: ing how a given sequence can be shifted to another one, it is easily proved that the diameter Dk of Sk(G) satisfies Dk ID+ k. Moreover, if G is bipartite and k is odd, Dks D+ k-1. For both results, see [ 181. In the latter case, the largest graphs are obtained when G is the complete bipartite graph Kdi,dz on dr + 4 vertices. In this case the sequence graphs can be defined as graphs on alphabets as follows.
The graph S'k-l (Kd,,.+S(dl,d2,k) has vertex set V=X'X Yk, 1x1 =dl, ) YI = d2, and its elements are represented by the sequences x1 ylx2 y2 .*. The graphs B(dl, dz, k), proposed by Bond in [6] (see also [7] ), are defined in the same way as sequence graphs S(dl, dz, k) except that, in the sequences representing the vertices, successive elements of X must be different, i e., xi,1 #xi, 1 risk-1. In [ 1 l] Delorme gv.oups together the ideas used in some of his own constructions, see [ 12, 131 , and the one involved in sequence graphs, to find a good family of large graphs with even degree and odd diameter. Let k be an odd integer. The Delorme's graph D(d, k) has vertex set Z$ x Xk, 1X1= dr 2, and adjacency conditions a+ l;xk_,xk_2...x,x(), X()EX. I The bisequence graph oi (3. Id)
The degree of BS(dr,d2, k) is therefore d = dt + d2. With regard to its diameter we have the following result. improving, for these values of D, those of (2.7) and (2.8) corresponding to sequence and Bond's graphs respectively.
Graphs of type 2
The new constructions proposed in this section are inspired in those of [13, 14, 27] . From it, and after (k + 1) -(i+ 1) = k-i additional steps (4. la), we arrive to the vertex y'zkki-a;yly2..myk-lyke W)
Then y'=y iff k-2i-arbmodm, that is
2i=k-a-bmodm, (4.3)
but this equation has always a solution i, 0 5 is rn -1 s k, for any a and b since gcd(2,m) = 1.
Cdruez et al.
Note that the "clockwise" path considered above is not unique since it is easily checked that, using j steps (4. lb), one step (4. lc) and k-j steps (4. lb), Or js k ("counterclockwise" path), we reach the vertex y"=-k+2j-a;y,J+yk-1yk (4.4) and the condition y" = y now leads to the equation When tn = k we obtain graphs with even diameter, odd degree and order Proof. Let x=a;x1x2...x k_ lxk and y = b; yl y2. . . yk_ 1 yk be two generic vertices. We will exhibit a path of length k-1 or k between them. First, if yl f& this path is the same as in the proof of Theorem 4.1. Otherwise, it is easily proved that from x, and after k steps (i of type (4. la), one of type (4.1~) and k -(i+ 1) of typ' (4. la)), it is possible to reach the vertices where 0% is k -1. For these k values of i, the first digit in That is illustrated in Fig. 1 which also shows, using a self-explanatory graph, the changes of the first digit a induced by the adjacency conditions On the other hand, in case (a. 1) each of i and j can take only 2n -1 values (those that satisfy a + i or a -j equal to 0, + 2, . . . , I!Z (2n -2)) which, according to (4.11 b), give in (4.12) and (4.13) 4n -2 different values of b. From the above, we obviously conclude that the missing value is that corresponding to a + i = 2n -1 or  a-j= -(2n -1)=2n mod m, that is b = a. Then, to reach the corresponding vertex a; yl j2 . . . y,,,_ l it suffices to consider m steps of type (4 ? a) or (4. lb) as in case (2) From the above, the graphs Z"(ln, d, k) have order N= 2md" and degree Notice that, as a consequence of the condition xi#xi+ 1, all these vertices are different. Besides, x is not adjacent to itself since otherwise and as(cQming a = 0 (the case a= 1 being similar) we would have ~~~~~~~~...~~_~~~~~~~~+~~~~~~~J~~~ &r(X) and, in particular, x(k + l)/2 =x(k + 3)/z contradicting the afore-mentioned condition. Thus, the graph T(d, k), on N= 2((A -1)/2)k + 2((A -1)/2)"-' vertices, is A-regular. For instance, the graph T(2,3) is shown in Fig. 3 .
In order to find the diameter of T(d, k), it is useful to consider the following equalities (@O(WO(~@)(@) = #9 (56) (WO(WW40(@0 = JM4n = @-49 (5.7)
since they provide a pattern to form a given sequence from any other one by adding successive digits. Let us see how, in every case, the application to x of k or k -I suitable adjacency mappings leads to both y* and y'.
(a.1) k=4n+l, ~=O;y~x~... x~__~x~. In k-1 steps we have, by (5.7), e4'(x) =yc; and, in k steps, @Jo" = y'.
(a.2.1) k=4n+ 1, x=O;x1x2... xk_ l yk, x1 #yk. Similarly, in k steps, @e4'(x) = y'. To reach y" is a little more involved. Using the different properties of the adjacency rules we obtain, in k steps, (~~)P(K~)~(~K)~-~("-')(x) = m(~@~n)@-~("-')(x) = r7QV4"(x) =y". 
Conclusions
Several infinite families of dense graphs for any given values of their degree and diameter have been presented. It is noteworthy that until recently onfy two such infinite families were known, namely de Bruijn and Kautz graphs, both with even degree. The following list summarizes the best families described in the paper. Of course these are all quite general families and for individualized values of A and/or D (mostly for small values) there are particular constructions that improve the above results. See, for instance, [4, 20, 21, 26] .
The szarch for dense graphs seems to be a hard problem. While de Bruijn digraphs and mainly Kautz digraphs arc very good dense digraphs with orders close to the Moore bound, the best known families of dense graphs are still far away of the analogous Moore bound. Even the asymptotic behaviour of NAvD as D grows is, for most values of d i far away from the value 1 predicted by Bollob& and de la Vega's work 151.
